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Abstract A system of coupled Klein-Gordon equations is suggested to model one-
dimensional nonlinear wave processes in a bi-layer. The type of coupling
depends on the type of the interface and constitutes an arbitrary ele-
ment of the Lie group classification problem, which is solved for these
equations. The classification results are used to find conservation laws
and particular invariant solutions.
1. INTRODUCTION
After the intensive study of nonlinear wave processes in recent decades,
it has become clear that the same equations, such as, for example, KdV,
NLS, etc., appear in many different physical situations (see, for exam-
ple, [1, 2] and the references therein). Since heterogeneity constitutes an
essential feature of many physical problems, it makes sense to try to find
some simple mathematical models which allow us to study peculiarities
of nonlinear wave processes in heterogeneous media.
A possible way to derive such continuum models is to consider the
long-wave dynamics of discrete models. One of the most famous models
of this type is the Frenkel-Kontorova model [3]. Proposed initially to
describe dislocations in metals, it has found numerous applications, and
has been generalized in order to describe different phenomena (see the
review [4]). The original FK model deals with the situation when an ad-
ditional semi-infinite plane of atoms is inserted into a perfect crystal lat-
tice. The atoms of the “interface” layer are treated as a one-dimensional
1
2chain subjected to an external periodic potential produced by the sur-
rounding atoms. For the long waves, in dimensionless variables, one can
obtain the integrable sine-Gordon equation whose kink and antikink so-
lutions give the approximate description of the lattice behavior in the
vicinity of the dislocation core (see [4]).
In the FK model, one part of the crystal is treated as rigid and motion-
less. The natural generalization of this model is that of coupled chains
of particles [5], i.e., of two one-dimensional periodic chains with linear
links between elements and non-linear interaction between the chains.
The long wave dynamics of this system is described in dimensionless
variables by coupled Klein-Gordon equations
utt − uxx = fu(u, w), wtt − c2wxx = fw(u, w), (1.1)
where c is the ratio of the acoustic velocities of the non-interacting com-
ponents, and f(u, w) describes the interaction between the chains.
Although originating as a generalization of the FK model, coupled
Klein-Gordon equations (1.1) can also be considered, depending on the
choice of the function f(u, w), as a long-wave limit of a simple lattice
model for one-dimensional nonlinear wave processes in a bi-layer, similar
to the lattice models proposed by Slepyan and his coworkers in connec-
tion with crack propagation in composites (see, for example, [6]). In that
case the model parameters are determined by the type of the interface
and materials forming the bi-layer. It is also worth noting that the same
equations describe some processes in the DNA double helix [7] (see also
[8] and the references therein).
In all these models the function f(u, w) should be found experimen-
tally, and therefore, its analytic form is not unique. It is known that
the existence of a sufficiently large group of symmetries allows a certain
analytic investigation of properties of the equations (see, for example,
[9, 10]). Thus, the problem of group classification of coupled Klein-
Gordon equations (1.1) naturally arises in connection with the model
discussed above.
Equations of the type (1.1) with c = 1 (and arbitrary functions of
u and w on the right-hand side) were studied in [11], where the cases
admitting Lie-Ba¨cklund symmetries were picked out, and completely
or partially integrable examples were presented. If fuw(u, w) = 0, the
system (1.1) splits into two independent Klein-Gordon equations, whose
group classification was given by S.Lie [12] (see also [13]). The results of
the Lie group classification of equations (1.1) for c = 1, fuw(u, w) = 0 are
presented in this paper, and are used to find conservation laws and to
construct particular invariant solutions. In conclusion we discuss some
possible applications of this model.
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2. LIE POINT SYMMETRIES
The classification is given up to the following equivalence transforma-
tions (which preserve the differential structure of equations and change
only the arbitrary element, see, for example, [9])
t˜ = αt + β, x˜ = αx + γ, u˜ = λu + µ, w˜ = λw + ν, f˜ =
λ2
α2
f + ρ,
where α, β, γ, λ, µ, ν, and ρ are arbitrary constants and αλ = 0;
t → −t, x → x; t → t, x → −x;
u → −u, w → w; u → u, w → −w;
t → t, x → x
c
, u → w, w → u, c → 1
c
.
(Groups admitted by equations related by equivalence transformations
are similar).
The generator of the admitted Lie point group is sought in the form
X = ξ1
∂
∂t
+ ξ2
∂
∂x
+ η1
∂
∂u
+ η2
∂
∂w
. (1.2)
Using the methods of the group analysis of differential equations (see
[9, 10]), the coordinates of the generator can be found as follows:
ξ1 = C1t + C2, ξ2 = C1x + C3,
η1 = C4u + φ(t, x), η2 = C4w + χ(t, x),
where functions φ(t, x) and χ(t, x) satisfy equations
φtt − φxx = (2C1 − C4)fu + (C4u + φ)fuu + (C4w + χ)fuw,
χtt − c2χxx = (2C1 − C4)fw + (C4u + φ)fuw + (C4w + χ)fww. (1.3)
Here Ci, i = 1, 4 are arbitrary constants.
It follows from (1.3) that when f(u, w) is an arbitrary function, equa-
tions (1.1) admit 2-dimensional algebra with the basis
X1 =
∂
∂t
, X2 =
∂
∂x
, (1.4)
and extension of the admitted algebra (1.4) is possible in those cases
when function f(u, w) satisfies equation
(a1u + a2)fu + (a1w + a3)fw + a4f = a5u + a6w + a7, (1.5)
where ai, i = 1, 7 are constant coefficients.
4For the analysis of the classifying relation (1.5) we first find how its
coefficients transform under the equivalence transformations. Then, we
find all solutions of equation (1.5) up to equivalence transformations.
Finally, solving the determining equations (1.3) for all obtained cases we
find the generators additional to (1.4). The results of group classification
are presented in Table 1.
Comments on Table:
A, B, C, D, and σ are arbitrary constants, δ is positive real con-
stant, δ˜ is nonnegative real constant; ε = ±1, ε˜ = 0,±1.
Constants λ and µ take real or imajinary values.
ψ(t, x) =
1
δ(c2 − 1){[Aδc
2 + B(1 + δ2c2)]t2 + [Aδ + B(1 + δ2)]x2}.
In subcases the group of equivalence transformations can be wider
than in general case. For example, if f(u, w) = F (δu − w) + Au,
where F ′′′(z) = 0, additional transformations have the form:
u˜ = u + θtx + ωt + τx, w˜ = w + δ(θtx + ωt + τx) (1.6)
with arbitrary constants θ, ω,and τ ;
u˜ = u +
c2t2 + x2
2(c2 − 1)(A˜−A), w˜ = w +
c2t2 + x2
2(c2 − 1)δ(A˜−A), (1.7)
where A˜ satisfies equation
dA˜
da
= Φ(A˜, c, δ), A˜
∣∣∣
a=0
= A;
u˜ = u +
κ(A, c, δ)
2δ(c2 − 1) [(1 + δ
2c2)t2 + (1 + δ2)x2],
w˜ = w +
κ(A, c, δ)
2(c2 − 1) [(1 + δ
2c2)t2 + (1 + δ2)x2], (1.8)
f˜ = f + κ(A, c, δ)(δu− w).
Here Φ and κ are arbitrary functions of their arguments. In accor-
dance with these transformations one may suppose in case under
consideration A = B = 0.
Additional generators for intersecting subcases are given only once.
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Table 1 Lie group classification of equations (1.1) (c2 = 1, fuw = 0).
f(u, w) Admitted generators
Arbitrary function X1 =
∂
∂t
, X2 =
∂
∂x
uσF (
u
w
), σ = 0, X3 = (σ − 2)(t ∂
∂t
+ x
∂
∂x
)−
if σ = 2, F (z) = ε
(
δ − 1
z
)σ
2(u
∂
∂u
+ w
∂
∂w
)
if σ = 2, F (z) = A + B
z2
+
1
z
expu F (δ˜u− w), X3 = t ∂
∂t
+ x
∂
∂x
− 2( ∂
∂u
+ δ˜
∂
∂w
)
F (z) = ε exp z
F (
u
w
) + ε˜ lnu , X3 = t
∂
∂t
+ x
∂
∂x
+ u
∂
∂u
+ w
∂
∂w
F (z) = ε˜ ln
(
δ − 1
z
)
F (δu− w) + Auw + (ε− δA)u
2
2
, Xi = φi(t, x)(
∂
∂u
+ δ
∂
∂w
),
F ′′′(z) = 0. Here if i = 3, 6
a) λ2 =
δε−A
δ(1− c2) = 0 , φ3 = cos λx cos µt, φ4 = sinλx sinµt,
µ2 =
δεc2 −A
δ(1− c2) = 0; φ5 = cos λx sinµt, φ6 = sinλx cos µt;
b) λ = 0, µ2 = −A
δ
= −ε; φ3 = x cos µt, φ4 = cos µt,
φ5 = x sinµt, φ6 = sinµt;
c) λ2 =
A
δc2
= ε, µ = 0 φ3 = t cos λx, φ4 = cos λx,
φ5 = t sinλx, φ6 = sinλx
F (δu− w) + εuw − δεu
2
2
, Xi = φi(t, x)(
∂
∂u
+ δ
∂
∂w
), i = 3, 6
F ′′′(z) = 0, φ3 = cos λx cos λt, φ4 = sinλx sinλt,
λ2 =
ε
δ(c2 − 1) φ5 = cos λx sinλt, φ6 = sinλx cos λt
3. INVARIANT SOLUTIONS AND
CONSERVATION LAWS
The results of classification allow us to find conservation laws and con-
struct particular invariant solutions (self-similar, traveling waves, etc.)
6Table 1 (continued)
Lie group classification of equations (1.1) (c2 = 1, fuw = 0).
f(u, w) Admitted generators
F (δu− w) + Au, Xi = φi(t, x)( ∂
∂u
+ δ
∂
∂w
), i = 3, 6
F ′′′(z) = 0. φ3 = tx, φ4 = t, φ5 = x, φ6 = 1
(i) F (z) = εzσ + Bz, X7 = t
∂
∂t
+ x
∂
∂x
+
2
2− σ (u
∂
∂u
+
σ = 0, 1, 2 w ∂
∂w
) +
1− σ
2− σψ(t, x)(
∂
∂u
+ δ
∂
∂w
)
(ii) F (z) = ε exp z + Bz X7 = t
∂
∂t
+ x
∂
∂x
+ 2
∂
∂w
+
ψ(t, x)(
∂
∂u
+ δ
∂
∂w
)
(iii) F (z) = ε ln z + Bz X7 = t
∂
∂t
+ x
∂
∂x
+ u
∂
∂u
+ w
∂
∂w
+
1
2
ψ(t, x)(
∂
∂u
+ δ
∂
∂w
)
(iv) F (z) = εz ln z X7 = t
∂
∂t
+ x
∂
∂x
+ 2(u
∂
∂u
+ w
∂
∂w
)+
ε
δ(c2 − 1) [(1 + δ
2c2)t2+
(1 + δ2)x2](
∂
∂u
+ δ
∂
∂w
)
A
2
u2 +
B
2
w2 + uw+ Xφ,χ = φ(t, x)
∂
∂u
+ χ(t, x)
∂
∂w
,
+Cu + Dw where φtt − φxx = Aφ + χ,
Here if χtt − c2χxx = φ + Bχ
a) AB = 1, C = D = 0; X3 = u ∂
∂u
+ w
∂
∂w
;
b) AB = 1, X3 = (u +
D −BC
2(A + B)
t2)
∂
∂u
+
(w − A(D −BC)
2(A + B)
t2 +
AC + D
A + B
)
∂
∂w
The system (1.1) with an arbitrary function f(u, w) can be formulated
by means of Lagrangian principle from the density
L =
1
2
(u2t + w
2
t − u2x − c2w2x) + f(u, w).
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Indeed,
δL
δu
= fu(u, w)− utt + uxx = 0, δL
δw
= fw(u, w)− wtt + c2wxx = 0
give us equations (1.1). Therefore, knowing infinitesimal operators (1.2)
and using the No¨ther theorem (see [10]), one can find conservation laws
DtA
1 + DxA2 = 0,
where Ai = Lξiα + (η
α − ξkuαk )
∂L
∂uαi
, α = 1, 2, i = 1, 2; and u1 = u, u2 =
w;uα1 = u
α
t , u
α
2 = u
α
x . The operators (1.4) are admitted with any func-
tion f(u, w). The corresponding conservation laws for energy and mo-
mentum have the form
Dt[
1
2
(u2t + w
2
t + u
2
x + c
2w2x)− f(u, w)]−Dx[utux + c2wtwx] = 0,
Dt[utux + wtwx]−Dx[f(u, w) + 12(u
2
t + w
2
t + u
2
x + c
2w2x)] = 0.
In those cases where the dimension of the admitted algebra is bigger than
2, there are additional conservation laws, which can be easily written
down explicitly.
Let us also find some particular invariant solutions of equations (1.1)
for the case f(u, w) = cos(δu − w). Introducing u˜ = δu, w˜ = w as new
dependent variables we rewrite equations as
utt − uxx = −δ2 sin(u− w), wtt − c2wxx = sin(u− w) (1.9)
(the tildes are omitted). Although this case is not the most beneficial
from the point of view of admitted symmetries (6-dimensional Lie al-
gebra), it is interesting as a possible generalization of the FK model.
Here, δ2 = m2/m1 has a meaning of the ratio of masses of particles in
the “lower” and the “upper” chains. For δ2 → 0, setting u = 0, we ob-
tain for w the sin-Gordon equation, being the long-wave approximation
of the FK model. Thus, the FK model appear as a natural limit of the
coupled equations (1.9).
Equations (1.9) admit generator
∂
∂t
+ v
∂
∂x
+ αt(
∂
∂u
+
∂
∂w
), where v
is an arbitrary constant, α may be supposed nonnegative constant. The
solution which is invariant with respect to this generator for v2 = 1, c2,
and
1 + δ2c2
1 + δ2
has the form
u = σ−1[δ2(v2−c2)p(x−vt)+η], w = σ−1[(1−v2)p(x−vt)+η], (1.10)
8where σ = δ2(v2 − c2) + v2 − 1,
η = α(1 + δ2)vtx− α
2
[(1 + δ2c2)t2 + (1 + δ2)x2] + A(x− vt) + B,
p′′ = −λ sin p− a, (1.11)
λ =
δ2(v2 − c2) + v2 − 1
(v2 − 1)(v2 − c2) , a =
α(1− c2)
(v2 − 1)(v2 − c2) .
Here the prime denotes derivative with respect to the argument of the
function; A and B are arbitrary constants, let us suppose A = B = 0.
If λ < 0, then introducing p˜ = p + π equation (1.11) can be rewriten
in the form p˜′′ = −|λ| sin p˜ − a. Therefore, analyzing (1.11) one can
suppose λ > 0. The energy integral of (1.11) may be written in the form
(p′)2+2λ(1−cos p)+2ap−2E∗ = 2E, E∗ = λ−
√
λ2 − a2−a arcsin a
λ
.
If the condition |a| < λ is satisfied, then any value of E from the region
0 < E < 2λ− π|a| − 2E∗
defines a bounded periodic solution of (1.11) describing nonlinear os-
cillations near the point of equilibrium p = − arcsin a
λ
in the region
p ∈ [p1, p2], where p1 and p2 are the smallest and the largest roots of the
equation
λ(1− cos p) + ap− E∗ = E
on the interval ]− π + arcsin a
λ
, π + arcsin
a
λ
[. It is assumed here that
arcsin
a
λ
∈]− π
2
,
π
2
[.
If α = 0, equation (1.11) turns out to be the mathematical pendulum
oscillations equation which is integrable in elliptic functions (see, for
example, [14]). In this case solutions of the system (1.9) describing
periodic waves have the form:
u = 2U arcsin{k sn [
√
λ(x− vt), k]} = Ww (1.12)
— ”fast” waves, propagating with velocities v2 ∈]S, M [∪]L,+∞[, where
S = min{1, c2}, M = 1 + δ
2c2
1 + δ2
, L = max{1, c2},
u = 2U arcsin{dn [
√
|λ|(x− vt), k]} = Ww, (1.13)
Nonlinear waves in a bi-layer and coupled Klein-Gordon equations 9
— ”slow” waves, propagating with velocities v2 ∈ [0, S[∪]M, L[. Here
U =
δ2(v2 − c2)
δ2(v2 − c2) + v2 − 1 , W =
δ2(v2 − c2)
1− v2 , 0 < k < 1.
In the k = 1 limiting case ”slow” periodic waves become solitary
waves:
u = 4U arctan{exp
√
|λ|(x− vt)} = Ww.
Using the fact that Eqs.(1.9) admit reflections
t → −t, x → x; t → t, x → −x; u → −u, w → −w;
one can obtain solutions with other combinations of signs.
If δ → 0 (m1  m2), the solitary waves may propagate with the
velocities v2 ∈ [0, c2[. In that case the displacement of particles is in-
dependent on the velocity of wave propagation. If the masses m1 and
m2 are comparable, the solitary waves may propagate with the veloc-
ities v2 ∈ [0, S[⋃]M, L[. Therefore, if the acoustic velocities of non-
interacting components are different (c2 = 1), a gap appears in the
velocity spectrum of the solitary waves, i.e. the system acts as a kind
of a filter of solitary waves. Here the relative displacement (“upper”
particles relative to the “lower” ones) remains the same as in the FK
model (per period of the chain), but the absolute displacement depends
on the velocity of the wave.
Solutions for the nonlinear waves in a presence of additional shear
forces acting either on both chains in the opposite directions or on just
one chain can be constructed using (1.10) with α = 0 and the equivalence
transformations (1.6) – (1.8), which were found above. Using other
admitted generators we can find some other invariant solutions.
4. CONCLUSION
The simple lattice-based model proposed here can be used for study-
ing the peculiarities of propagation and interaction of one-dimensional
nonlinear waves in a bi-layer. It can be useful for problems related to
energy exchange between the layers, long-short wave resonance, delam-
ination, etc. The model can be modified to take into account other de-
grees of freedom by considering chains of interacting mechanical dipoles
[15] instead of chains of point masses. These topics will be discussed
elsewhere.
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